step up operators are defined here and used to alternative derivation of the interlacing zeros properties. By successive application of these operators, the second order linear ordinary differential equations are obtained for three classical polynomials.
Chapter 2, Hermite Polynomials, gives a concise treatment of ''physicists' Hermite polynomials'', named in honor of Charles Hermite (1822 Hermite ( -1901 Chapters 4-6 concentrate on the special cases of the Jacobi Polynomials P n a,b : Legendre Polynomials P n , (a = b = 0); Chebyshev Polynomials of the First Kind T n , (a = b = -1/2), and Chebyshev Polynomials of the Second Kind U n , (a = b = 1/2). Characteristics of these polynomials include: the form of differential equations corresponding to the polynomials; the orthogonality conditions; the Rodrigues formulae; the explicit representations, and the corresponding generating functions. The recurrence and differential relations as well as the step up and step down operators are also presented. Additionally, the chapter 4 contains the useful appendix (some integral) whereas the chapters 5 and 6 comprise the trigonometric representations and the relations with other Chebyshev polynomials. There are several kinds of Chebyshev polynomials. Chapter 7 and 8 deal with Chebyshev Polynomials of the Third Kind V n , and Chebyshev Polynomials of the Fourth Kind W n , respectively. These polynomials are sometimes referred to as the ''airfoil polynomials'' and are, in fact, rescalings of two particular Jacobi polynomials P n a,b with a = -1/2, b = 1/2 and vice versa. A brief summary of basic properties of Chebyshev polynomials of third and fourth kinds is presented. It shows that V n and W n are directly related, respectively, to the first-and second-kind Chebyshev polynomials. Although Chebyshev polynomials of third and fourth kinds are explored less than first and second kinds in the literature, their use in improving the performance of numerical algorithms is very promising. Chapter 9 is devoted to Gegenbauer Polynomials. They are named after Leopold Gegenbauer . Gegenbauer (or Ultraspherical) polynomials C n (a) are particular cases of the Jacobi polynomials P n a,b specified by a = b. The Gegenbauer polynomials include a number of polynomials as special cases: C n (a) for a = 1/2 gives the Legendre polynomials, a = 1 gives the type II Chebyshev polynomials, and the case a = 0 gives the Chebyshev polynomials of the first kind. The main properties of Gegenbauer polynomials are listed in the compact manner. Chapter 10 concerns with Associated Legendre Functions P m n , where the indices n and m are both integers and referred to as the degree and order of the Associated Legendre function respectively. These functions are closely related to the Legendre polynomials and the Gegenbauer polynomials. For example, when m is zero and n is integer, these functions are identical to the Legendre polynomials. The basic facts from the theory are given and, in particular, the orthogonality relations for the associated Legendre functions are derived in some detail. The methods are based on some known properties of the Gegenbauer polynomials. An appendix contains some interesting integral which leads to the recurrence relations. Chapter 11 contains a brief survey of the Jacobi polynomials P n a,b , that are the most general of the classical orthogonal polynomials in the domain [-1, 1] . The definitions and basic properties of the Jacobi polynomials are recalled. Furthermore, alternative derivation of the recurrence relation is presented by using the generating function method. The last twelfth chapter, General Appendix, gives a concise overview of additional results in the theory of special functions, including the Gamma, Beta and Hypergeometric functions. The basic and alternative definitions of these functions are discussed, together with their integral representations.
This book is well written and it is relatively easy to read. For better prepared readers with a strong background in complex analysis, some supplemental references could usefully be added to the book as additional reading in a related spirit (e.g., J. Dereziński, Hypergeometric Type Functions and Their Symmetries. Ann. Henri Poincaré 15 (2014), 1569-1653). In conclusion, I recommend it to anyone who is interested not only in orthogonal polynomials theory, but also in its physical applications. The book can be also successfully used by instructors of undergraduate courses.
